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(l + 1)−point boundary value problems for ordinary differential equations,
a type of global uniqueness of solutions condition
Dan Neugebauer
University of Dayton, Mathematics Department
Abstract Let n ≥ 2 denote an integer and let l ∈ {1, 2, . . . , n}. Let a < T1 < T2 < · · · < Tl+1 < b. Let ai ∈ R, i = 1, . . . , n. We shall
consider the ordinary differential equation
y(n)(t) = f(t, y(t)), t ∈ [T1, Tl+1], (1)
where f : (a, b)×R→ R. We shall consider an n− l, 1, . . . , 1, (l+ 1)−point boundary value problem for (1) with the boundary conditions,
for j ∈ {1, 2},
y(i−1)(T1) = ai, i = 1, . . . , n− l, y(Tj) = an−l+j−1, j = 2, . . . l, y(j−1)(Tl+1) = an. (2)
By assuming f is Lipschitz continuous, we are able to obtain a proper bound on Tl − T1 such that certain monotonicity conditions on f
give global uniqueness of solutions for (1), (2) in the sense that there is no a priori bound on Tl+1 − Tl.
Lemma 1 Let n ≥ 3 and assume l ∈ {2, . . . , n− 1}. Let [T1, Tl+1] ⊂ (a, b) be given.
Let a < T1 < T2 < · · · < Tl+1 < b. Let j ∈ {1, 2}. Let G(j, l; t, s) denote the Green’s
function for the (l+ 1)−point boundary value problem (1), (2) for this fixed j. Then
|G(j, l; t, s)| ≤
|Tl+1 − T1|n−1
(n− l)!
, (t, s) ∈ [T1, Tl+1]× [T1, Tl+1]. (3)
Note: Let pa(t) denote the n − 1 order polynomial satisfying the corresponding
boundary conditions (2). Consider the operator T where
T (j; y)(t) = pa(t) +
∫ Tk+1
T1
G(j, k; t, s)f(s, y(s))ds.
Now T : C[T1, Tk+1] → C[T1, Tk+1] and y is a solution of (1), (2) if, and only if,
y ∈ C[T1, Tk+1] is a continuous fixed point of this operator.
Theorem 1 Let l ∈ {2, . . . , n − 1}. Let k ∈ {1, . . . , l − 1}. Assume a < T1 < T2 <
· · · < Tk+1 < · · · < Tl+1 < b. Assume that f : (a, b) × R → R is continuous and
assume there exists a positive constant, P, such that for each t ∈ (a, b), y, z ∈ R,
|f(t, y)− f(t, z)| ≤ P |y − z|.





Then for every ai ∈ R, i = 1, . . . , n, for each j ∈ {1, 2} and for each k ∈ {1, . . . , l},
there exists a unique solution of the n − k, 1, . . . , 1, (k + 1)− point boundary value
problem (1), (2).
Theorem 2 Let l0 ∈ {2, . . . , n − 1}. Assume the points T2, . . . , Tl0 satisfying a < T2 < T3 < · · · < Tl0 < b are fixed. Assume that
f : (a, b)× R→ R is continuous and assume there exists a positive constant, P, such that
|f(t, y)− f(t, z)| ≤ P |y − z|
for all (t, y), (t, z) ∈ (a, b)× R. Further, assume that if y, z ∈ R and y ≤ z then
(−1)
l0−1
(f(t, y)− f(t, z)) > 0, t ∈ (a, T2), (4)
(−1)i(f(t, y)− f(t, z)) > 0, t ∈ (Tl0−i, Tl0−i+1), i = 1, . . . , l0 − 2,
(f(t, y)− f(t, z)) > 0, t ∈ (Tl0 , b).







If Tl0 − T1 < δ, then solutions of the n− l0, 1 . . . , 1, (l0 + 1)− boundary value problem for (1) are unique if they exist.
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